A perfect number is a number that is equal to the sum of its divisors excluding itself. Theorems proven by Euclid and Euler show that finding a new Mersenne prime is equivalent to the discovery of a new even perfect number. Even perfect numbers have a systematic way of being found and have various ways in which they can be characterized, but the same is not true for odd perfect numbers. In fact, the existence of an odd perfect number has not been proven or disproven. This paper discusses the categorizations of even perfect numbers and possible characteristics of odd perfect numbers.
Introduction
A perfect number is a positive integer that is equal to the sum of its positive divisors excluding itself. The ancient Greeks were well versed in the existence of perfect numbers and held those that they were aware of (the first four) in high regard. Perfect numbers were thought to have mystical healing properties and were even used to illustrate the existence of God. Examples of perfect numbers include 6, 28, 496, and 8128 because: and is 44, 677, 235 digits long. Large primes and perfect numbers such as these are found by many people who cooperate together as part of the Great
Internet Mersenne Prime Search (GIMPS). While finding new perfect num-
bers is certainly exciting, mathematicians are more concerned with finding a systematic and reliable method of finding perfect numbers. Perfect numbers have continued to be of interest for thousands of years because they have been studied by some of the brightest mathematicians in history, but have yet to reveal the entirety of their nature. This paper seeks to explain the progress made in the understanding of perfect numbers and to discuss why perfect numbers continue to be one of the world's oldest unsolved puzzles.
Euclid's Perfect Number Theorem
Born in Alexandria around 330 B.C, the great mathematician Euclid was instrumental in the advances made in the study of perfect numbers. In Book IX Proposition 36 of his famous work, Elements, he states the following: "If as many numbers as we please beginning from a unit are set out continuously in double proportion until the sum of all becomes prime, and if the sum multiplied into the last makes some number, then the product is perfect."
The result of Euclid's studies of perfect numbers is Euclid's Perfect Number
Theorem. Euclid's Theorem is widely considered to be the first step mankind took to understanding the nature of perfect numbers [9] . 
In this case, n = p and x = 2 so
Next, we can use the same formula to find q + 2q + 4q + 8q + 16q + · · · + 2 p−2 q.
It is clear that
so now x = 2 and n = p − 1. This gives us:
Finally, we can sum all the divisors of 2 p−1 q by combining (1) and (2): 
where p is some prime and 2 p − 1 is a Mersenne prime.
A Mersenne prime is a prime of the form 2 p − 1. Euler's theorem is indicates that there is a one-to-one relationship between Mersenne primes and even perfect numbers, so it is of significant importance that we prove this theorem.
The Sigma Function
Before Euler's Perfect Number Theorem can be proved, it is imperative that we define and study the properties of what is known as the sum of divisors function. We define the sum of divisors function σ as the following:
σ(n) = the sum of all unique divisors of n including 1 and n.
Examples include σ(4) = 1 + 2 + 4 = 7 σ(6) = 1 + 2 + 3 + 6 = 12 σ(18) = 1 + 2 + 3 + 6 + 9 + 18 = 39
Note that n is perfect when σ(n) = 2n. If we are to prove Euler's theorem, then naturally we must show that σ(2
we address such a proof we must prove the following:
Theorem 3 (Properties of the Sigma Function).
(a) If p is a prime and k ≥ 1, then
We begin by proving statement (a).
Proof. If p is prime, then it is divisible only by 1 and itself. It follows that the divisors of p k are of the form p i for all i such that i ≤ k. That is to say, 
Solving for S gives us that
But in our case a = 1 and r = p, thus σ(
To prove property (b), we must first prove the following lemma [8] .
Lemma 1. Suppose a and b are relatively prime integers with {a i : 1 ≤ i ≤ s} and {b j : 1 ≤ j ≤ t} being all the divisors of a and b respectively. Then
Proof. It is clear that each element of the form a i b j is a divisor of ab. So it follows that S contains only divisors of ab. We aim to show that all of the divisors of ab are present in S.
Now we can proceed with proving property (b).
Proof. Using the same notation as above, let {a i : 1 ≤ i ≤ s} and {b i : 1 ≤ j ≤ t} be the divisors of a and b respectively. Then we have σ(a)σ(b) =
Proving Euler's Perfect Number Theorem
Now we use our newly found knowledge of σ(n) to prove Euler's theorem.
Recall that Euler's Perfect Number Theorem states the following: if n is an even perfect number, then it is of the form
where 2 p − 1 is a Mersenne prime [11] .
Proof. Let n be an even perfect number, then we can write it as n = 2 k−1 m where m is some odd integer. It follows from property (b) of the σ function that since gcd(2
Recall that if n is a perfect number, σ(n) = 2n so we have that Next, consider the case where n is of the form 4m + 3. Then the following is true: Thus, if n is of the form 4m + 3, the final digit of N is 8.
Characterizing Even Perfect Numbers
N = 2 4m+2 (2 4m+3 − 1) = [(2 4m )(2 2 )][(2 4m (2 3 ) − 1)].
Simplifying gives us that
Next we follow up by proving an observation that is not as obvious and also presented in [10] .
Theorem 5. Every even perfect number greater that 6 can be expressed as the sum of the cubes of consecutive odd integers.
Proof. Recall that
Let m = 2 (p−1)/2 where p is prime. We want to rewrite the sum of the cubes of consecutive odd integers so that it is of the form 2 p−1 (2 p − 1). That is to say, we claim that:
Note that the sum of the cubes of consecutive odd positive integers less than 2m is equal to the difference of the sum of the cubes of all positive integers less than 2m and the sum of the cubes of all even positive integers less than 2m. So we can say that:
Substituting for m gives us (2
It is important in mathematics that conjectures or general observances
should not be treated as theorems until they can be proven. For example, if one were charged with finding the first one hundred abundant numbers (numbers for which σ(n) > 2n), one might be inclined to assume that only even numbers could be abundant. However, it is only necessary to provide a counterexample to debunk this conjecture. Surely enough, there is a counterexample: 945 is abundant and odd. Similarly, just because we have yet to find an odd perfect number does not give us sufficient cause to believe that there must not be any. We must prove that there can be no such thing as an odd perfect number. Interestingly enough, we have yet to prove that there does not exist an odd perfect number, but mathematicians have been able to successfully prove characteristics an odd perfect number must have if it were to exist.
Determining the Existence or Nonexistence of Odd Perfect Numbers
Now that we have discussed methods for which even perfect numbers can be produced, it is only natural to ask the questions "Are there odd perfect numbers?" and "What methods are there for finding odd perfect numbers?"
To this day, mathematicians have been unsuccessful in finding an odd perfect number or to prove that there is no such thing as an odd perfect number.
This is partly what makes the study of perfect numbers so interesting: even with the greatest mathematical minds and computing power that mankind has accumulated over the course of thousands of years, there exists a simple question about to the integers that remains unanswered. It is only natural that mankind has been so insistent on the pursuit of knowledge of odd perfect numbers.
Possible Characteristics of Odd Perfect Numbers
Lemma 2. If n is of the form 6k − 1, then n is not perfect. [5] Proof. We begin by assuming that n is a positive integer of the form 6k − 1.
Then n ≡ −1 (mod 3). Now suppose that d is a divisor of n. This means
, so we can write n = d · 
We can directly compute 2n = 2(6k − 1) = 12k − 2 ≡ 1 (mod 3). Thus n cannot be perfect.
Not only did Euler provide us with a useful theorem for even perfect numbers, he also provided us with an equally impactful theorem that allowed us to study the form of odd perfect numbers [6] .
Theorem 6 (Euler's Odd Perfect Number Theorem). Any odd perfect number n must be of the form n = p α m 2 with p prime and p ≡ α ≡ 1 (mod 4)
This implies that n ≡ 1 (mod 4).
Proof. Let n be an odd perfect number, write n = a is prime. Because n is odd, it must be true that all a i are odd as well. Recall that we use the fact that n is perfect to write that σ(n) = 2n. Since then it must be true that σ(n) = σ(a
2 )σ(a , where e i+1 = 2f i . We have that 2 | σ(a , for e 1 ≡ 1 (mod 4).
Euclid's Odd Perfect Number Theorem was a large step towards understanding odd perfect numbers. The French mathematician Jacques Touchard made the next leap in the understanding of odd perfect numbers by proving the following about the form they must take [5] .
Theorem 7 (Touchard's Theorem). Any odd perfect number must have the form 12m + 1 or 36m + 9.
Proof. Let n be an odd perfect number. Applying Lemma 1, we know that n cannot be of the form 6k − 1, so it must be of the form 6k + 1 or 6k + 3. By
Euler's Odd Perfect Number Theorem, all odd perfect numbers are congruent to 1 (mod 4), so either n ≡ 1 (mod 6) and n ≡ 1 (mod 4) or n ≡ 3 (mod 6) and n ≡ 1 (mod 4). Using these two relations, we can reason that n must be of the form 12m + 1 or 12m + 9. In the case that n = 12m + 9 and 3 m, it must be true that σ(n) = σ(12m + 9) = σ(3(4m + 3)) = σ(3)σ(4m + 3) = 4σ(4m + 3)
This would mean that n is a multiple of four so σ(n) ≡ 0 (mod 4). This means 2n = 2(12m + 9) ≡ 2 (mod 4) so n cannot be perfect. Thus, it must be true that 3 | m so n has the form n = 36m + 9.
On Going Fields of Study
The work to characterize and categorize odd perfect numbers is of great importance; however, it is of equal importance that we prove or disprove the existence of an odd perfect number. Disproving nonexistence can be done in the form of an intricate proof or by simply providing a counterexample.
However, the case of disproving nonexistence by counterexample remains elusive. Nevertheless, significant progress has been made by mathematicians such as Brent and Cohen, whose work revolves around placing a lower bound on the first odd perfect number [1] . Below is a table showcasing the progress made thus far in placing a lower bound on the first odd perfect number [4] .
Similar topics that are currently worked on include placing a lower bound on the number of unique prime divisors an odd perfect number and placing upper bounds on the two smallest prime divisors of an odd perfect number [7] .
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